Introduction and results
Tarski's circle squaring problem (see [8] ) has motivated the following question: Can a circular disc be dissected into finitely many topological discs such that images of these pieces under suitable Euclidean motions form a dissection of a square? Dubins, Hirsch, and Karush give a negative answer in [1] . However, one can get positive results if the group of Euclidean motions is replaced by suitable other groups of affine maps of the plane (see [3, 5, 6, 7] ). The general concept behind these phenomena is the congruence by dissection of discs with respect to some fixed group of affine transformations of R 2 . Let d denote the Euclidean distance in the plane R 2 . We recall that a topological disc D is the image of the closed unit disc {x ∈ R 2 : d(x, 0) ≤ 1} under a homeomorphism of the plane onto itself. We say that D is dissected into the discs [7] characterizes the groups G that admit a congruence by dissection of any two topological discs. It says in particular the following: 
Here a map ϕ ∈ G is called a contraction if there is a constant 0 < c < 1 such that
In the present note we ask for a similar characterization of groups G in the one-dimensional case. Then compact intervals of positive length are the analogues of topological discs. With this replacement, congruence by dissection can be defined as above. Since in the one-dimensional case the family of the compact intervals coincides with that of all connected polyhedra, the following results can be understood as contributions to the theory of congruence by dissection of polyhedra with polyhedral pieces of dissection, too (see Chapters 1 and 2 of [2] ). It turns out that the one-dimensional versions of (a) and (b) are not equivalent. We obtain the following two characterizations: Note that the one-dimensional analogue of (c) does not imply (iii) and not even (iii) . This contradicts the first impression that congruence by dissection of intervals should be much easier realizable than that of discs, because it is much more elementary. The larger flexibility of congruence by dissection of discs rests on the huge freedom concerning the possible shapes of pieces of dissection. In contrast with (i) and (i) , the weaker condition of the existence of a congruence by dissection of any two compact intervals I, J ⊆ R of a fixed positive length does not imply the transitivity of G. For example, the group G = Z of integer translations gives a congruence by dissection of any two intervals I = [a, a + 1] and J = [b, b + 1] of length one. Indeed, we find l ∈ Z such that a ≤ b + l < a + 1 and obtain trivially
Proofs
The proofs of Theorems 1 and 2 are presented simultaneously.
(iii)⇒(iv) and (iii) ⇒(iv)
. Let G be transitive. We have to show that, for every x 0 ∈ R, there is a translation in G mapping 0 onto x 0 . Let ϕ ∈ G be such that ϕ(0) = x 0 . If ϕ is a translation we are done. Otherwise ϕ has a fixed point x 1 . We pick ψ ∈ G with ψ(x 0 ) = x 1 . Then ψ −1 ϕ −1 ψϕ is a translation that maps 0 onto x 0 . 
(iv)
The proof even comprises arbitrary groups G of homeomorphisms of R. The present version goes back to an anonymous hint.
Proof. According to the supposition there exist a dissection I = I 1 ∪ . . . ∪ I n into subin- 
are connected by two edges.
Obviously, the vertices (x 0 , 1), (x n , 1), (y 0 , 2) , and (y n , 2) are of degree 1, whereas all other vertices have degree 2. Hence the connected component of starting at (x 0 , 1) = (a 1 , 1) is a path whose other end-point is one of (x n , 1) = (a 2 , 1), (y 0 , 2) = (b 1 , 2) , and (y n , 2) = (b 2 , 2) . This yields G(a 1 
